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Abstract We show that low-energy photon scattering from a body with ra-
dius R slightly larger than its Schwarzschild radius rs resembles black-hole
absorption. This absorption occurs via capture to one of the many long-lived,
densely packed resonances that populate the continuum. The lifetimes and
density of these meta-stable states tend to infinity in the limit rs → R. We
determine the energy averaged cross-section for particle capture into these
resonances and show that it is equal to the absorption cross-section for a
Schwarzschild black hole. Thus, a non-singular static metric may trap pho-
tons for arbitrarily long times, making it appear completely ‘black’ before the
actual formation of a black hole.
Keywords black hole · resonant scattering · photon scattering
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1 Introduction
In this work, we consider the scattering of photons by the gravitational field of
a non-rotating, finite-sized body. Such finite-sized bodies have radius R that
slightly exceeds their Schwarzschild radius rs = 2GM/c
2. We show that low-
energy photon scattering from such objects resembles black hole absorption.
The absorption arises due to the existence of a dense spectrum of narrow
resonances (meta-stable states) whose lifetime and density tend to infinity in
the limit rs → R.
Photons captured to such a resonant state are trapped on the interior of
the body for a time t ∼ ~/Γn, where Γn is the width of a given resonance.
For rs → R, both the energy spacing D and width Γn tend to zero (resonance
lifetime t → ∞), while their ratio remains finite. This allows us to define the
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total cross-section for particle capture into these long-lived states using the
optical model [1], which is calculated by averaging over a small energy interval
containing many resonances. At low energy the resonance capture cross-section
is σa = 4πε
2r4s/3 where ε is the energy of the incident particle. The absence
of a longitudinal mode for photons means there is no state with total angular
momentum equal to zero, hence the above cross-section tending to zero for
zero energy.
This cross-section exactly matches the absorption cross-section for a Schwarz-
schild black hole calculated by assuming complete absorption at the event
horizon (see Refs. [2,3,4,5,6,7,8]) derived previously for massless spin-1 parti-
cles [9,10]. Note, however, that our calculation does not impose any special con-
ditions at the boundary. Thus by considering the purely elastic cross-section of
low-energy incident photons, we find that the absorption properties of a body
with rs → R resemble those of a black hole.
The gravitational field of these near-black-hole objects is described using
a suitable metric to model the interior, which is then joined to the standard
Schwarzschild exterior metric at the boundary of the body. The above result
is shown to be valid for any interior metric satisfying the following conditions:
continuity with the Schwarzschild exterior at r = R, a potential that deepens
and develops a singularity in the black hole limit (allowing the particle to be
treated semi-classically) and that this potential can be modeled as a harmonic
oscillator in some finite region around the origin. We expect these conditions
to be met by a large class of metrics; in this paper we present two metrics for
which these conditions hold.
Additionally, the results presented include the spin-0 (scalar) case consid-
ered previously (for j = 0) [11], but given here for arbitrary angular momen-
tum j. In this case taking rs → R once again yields the black hole absorption
cross-section given in [4].
For a more detailed discussion of previous calculations involving scattering
of various particles in the black hole spacetime we turn the readers attention
to the introductions in [11,7] and references therein. As in previous work [11]
we perform both analytical and numerical calculations, with good agreement
between the two.
2 Wave equations
The Klein-Gordon equation for a massless spin-0 particle on a curved manifold
(with ~ = c = 1) reads
∂µ(
√−ggµν∂νΨ) = 0. (1)
For massless spin-1 particles (photons) Maxwell’s equations on a curved man-
ifold free of charges read
∂β(
√−gFαβ) = 0, (2)
where Fαβ = ∂αAβ − ∂βAα and Aµ is the contravariant electromagnetic 4-
potential. One may write a general static, spherically symmetric metric in the
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ds2 = −eν(r)dt2 + eλ(r)dr2 + r2dΩ2. (3)
By applying the separation of variables
Ψ = e−iεtφ(r)Yjm(θ, ϕ),
Aϕ = e
−iεtrφ(r) sin θ
dPj (cos θ)
dθ
to (1) and (2) respectively in the metric (3), one arrives at the radial differential
equations for spin-0 and spin-1 respectively. In the latter we have implemented
a gauge such that Aϕ is the only non-zero component [12].
Defining s as the particle spin, either 0 or 1, the radial equations for both
spins can be combined to yield
d2φ
dr2
+
[(
ν′ − λ′
2
)
+
2
r
]
dφ
dr
+
[
eλ−νε2 + s2
(
ν′ − λ′
2r
)
− j(j + 1)e
λ
r2
]
φ(r) = 0,
(4)
where j the total angular momentum such that j − s ≥ 0.
3 Interior Solution
Equation (4) can be transformed into a Schro¨dinger-like equation by making
the substitution φ(r) = χ(r)/r and then mapping the radial coordinate to
the Regge-Wheeler “tortoise” coordinate r∗ defined by dr∗ = e(λ−ν)/2dr. This
gives us
d2χ(r∗)
d(r∗)2
+
[
ε2 +
(s2 − 1)
2r
d
dr
eν(r)−λ(r) − j(j + 1)e
ν(r)
r2
]
χ(r∗) = 0. (5)
In the subsections below we construct a solution to the above equation by
dividing the interior into two regions. This solution is valid under certain
constraints placed on the metric coefficients eν and eλ. The specific metrics
considered in later sections are entirely consistent with the restrictions im-
posed. It is worth noting that in the s-wave scalar case s = j = 0 there is only
one interior region akin to the one defined in Sec. (3.2), albeit with different
constraints. As such, this case is not treated here and we instead refer the
reader to our previous treatment of this case in [11]. For the purposes of the
discussion below we note that for the interior metric of near-black-hole object,
eν(r) → 0 for 0 ≤ r ≤ R, as time slows down in the limit rs → R.
3.1 Interior Region I
In the vicinity of the origin spacetime, and indeed the potential, must be
locally flat. This necessitates that both eν(r) and eλ(r) be approximately
constant, and furthermore eλ(r) ≈ 1, in the area around the origin. Under
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these conditions we may ignore the second term in square brackets in Eqn. (5)
(moreover, it is zero for spin s = 1), and we may approximate the tortoise
coordinate by r∗0 ≈ e−ν0/2r, where ν0 is a constant.
For the metrics we consider, the second bracketed term in Eqn. (5) is always
smaller than either the centrifugal term or ε2 throughout Region I. Therefore
in Region I we re-write Eqn. (5) as
χ′′I (r
∗) +
[
ε2 − j(j + 1)
(r∗)2
]
χI(r
∗) = 0, (6)
the regular solution of which is the Bessel function
χI(r
∗) = AI
√
εr∗Jj+1/2(εr
∗). (7)
3.2 Interior Region II
This region is defined as the area of the interior where the energy term ε2
dominates over other terms in square brackets in Eqn. (5). Note that these
terms are suppressed by a factor of eν , which tends to zero in the black hole
limit. Therefore the wave equation is simply
χ′′II(r
∗) + ε2χII(r
∗) = 0, (8)
which has the solution
χII(r
∗) = AII sin (εr
∗ + φ) , (9)
=⇒ χII(r) = AII sin
(
ε
∫ r
0
e[λ(r
′)−ν(r′)]/2dr′ + φ
)
,
where φ is a phase to be determined by matching to the solution in Region I in
an appropriate overlap region. For the metrics we consider, Region II is valid
up to a point near the boundary beyond which ε2 is no longer the dominant
term. However, for the metrics we consider it may be shown that in the black
hole limit the size of this region decreases as a function of R − rs such that
it does not appreciably alter the phase of the wavefunction from Region II to
the boundary r = R.
3.3 Matching in the overlap region
It can be shown that for both the Florides and Soffel metrics there exists an
overlap region where the combined conditions defining regions I and II are
satisfied. This overlap region exists for r such that:
r∗ ≈ e−ν0/2r,
(s2 − 1)
2r
d
dr
eν(r)−λ(r) ≪ ε2,
j(j + 1)eν(r)
r2
≪ ε2. (10)
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Lastly, the condition
εr∗ = εre−ν0/2 ≫ 1, (11)
allows us to take the asymptotic form of the solution in Region I given by (7),√
εr∗Jj+1/2(εr
∗) → sin(εr∗ − jπ/2). Matching to this solution in the overlap
region defined above gives the final Region II solution as
χII(r) = AI sin [Φ(r) − jπ/2] , (12)
where
Φ(r) = ε
∫ r
0
e[λ(r
′)−ν(r′)]/2dr′. (13)
Furthermore, at the boundary we have Φ′(R) = εe(λ−ν)/2
∣∣
R
= εR/(R − rs).
The latter is computed by imposing continuity of the metric at the boundary
(where all but the energy term in Eqns. (4) and (5) are suppressed). Defining
Λ(rs) =
∫ R
0
e(λ−ν)/2dr, (14)
the logarithmic derivative of the interior wavefunction at r = R can be written
as
φ′(r)
φ(r)
∣∣∣∣
R
=
εR
R− rs cot [εΛ(rs)− jπ/2]−
1
R
. (15)
In the black-hole limit eν → 0, therefore from Eqn. (14) we see that as rs → R,
Λ(rs) tends to infinity. This is because Λ(rs) is related (but not equal) to the
total phase accumulated by the particle on the interior. This phase is large
due to the wave function oscillating many times on the interior as the particle
moves rapidly in the strong field. However this integral also gives the classical
time that a massless particle (ds2 = 0) spends on the interior, which goes to
infinity in the black hole limit.
4 Exterior Solution
The metric on the exterior (r ≥ R) of a static massive body is given by the
standard Schwarzschild metric, which yields the following radial differential
equation
d2φ
dr2
+
(
1
r − rs +
1
r
)
dφ
dr
+
[
ε2r2
(r − rs)2
+
s2rs
r2 (r − rs) −
j(j + 1)
r(r − rs)
]
φ(r) = 0.
(16)
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4.1 Exterior Region I
For ε≪ √r − rs (later verified for resonance energies εn), Eqn. (16) becomes
d2φ
dr2
+
(
1
r − rs +
1
r
)
dφ
dr
+
[
s2rs
r2 (r − rs) −
j(j + 1)
r(r − rs)
]
φ(r) = 0, (17)
which has the exact solution
φI(r) = α1
(
r
rs
)s
P
(2s,0)
j−s
(
1− 2r
rs
)
(18)
+ β1
(rs
r
)j+1
2F1
(
j − s+ 1, j + s+ 1, 2j + 2; rs
r
)
,
where P
(a,b)
n (x) represent the Jacobi polynomials and 2F1(a, b, c; z) is the Gaus-
sian hypergeometric function. This solution is valid from the boundary r = R
(provided ε≪ √R− rs) and while ε2r2 ≪ j(j + 1).
4.2 Exterior Region II
Taking r ≫ rs in Eqn. (16) we make the substitutions φ(r) = χ(r)/r and
r = ρ/ε. This yields
d2χ(ρ)
dρ2
+
[
1 +
2εrs
ρ
− j(j + 1)
ρ2
]
χ(ρ) = 0. (19)
The corresponding solution in terms of the regular and irregular Coulomb
wave functions [13] reads
φII(r) =
α2Fj(εrs, εr) + β2Gj(εrs, εr)
r
. (20)
There exists an overlap between the two regions described above when r ≫ rs
but ε2r2 ≪ j(j+1) (which automatically satisfies ε≪ √r − rs). In this overlap
region we can use the asymptotic form (εr ≪ 1) of the Coulomb wavefunctions
in (20). Matching with (18) we arrive at the following relationship between the
coefficients of the solutions in the two exterior regions:
α2
β2
=
α1
β1
(2j)!(−1)j−s
(j − s)!(j + s)!C2(2j + 1)(εrs)2j+1 , (21)
C =
2jeεrspi/2|Γ (j + 1− iεrs) |
(2j + 1)!
.
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5 S-Matrix
The solution to Eqn. (16) at large distances can also be written in terms of
outgoing and incoming waves as
φII(r) =
Aje
iz +Bje
−iz
r
, (22)
where z = εr+ εrs ln(2εr) + δ
C
j − jπ/2 and δCj = arg [Γ (j + 1 + iεrs)] is the
Coulomb phase shift. This allows us to write the scattering matrix as [1]
Sj = (−1)j+1Aj
Bj
e2iδ
C
j . (23)
Imposing the condition εr ≫ 1 in Eqn. (20), we have the following asymptotic
form of the wavefunction in region II
φII(r) =
α2 sin(z) + β2 cos(z)
r
, (24)
which, upon matching to (22), gives the scattering matrix as
Sj = −
1− iα2β2
1 + iα2β2
e2iδ
C
j . (25)
Note that δCj is small compared to the total phase accumulated on the interior,
given by Λ(rs), and slowly varying for ε≪ 1.
6 Matching of wavefunctions at boundary and resonance energies
Matching the logarithmic derivatives of the exterior (18) and interior (15)
wavefunctions at r = R and taking the black hole limit rs → R gives
α1
β1
= − (−1)
s−jΓ(2j + 2)
Γ(j − s+ 1)Γ(j + s+ 1)
tan (εΛ(rs)− jπ/2)
εR
. (26)
Resonances occur at energies where the absorption cross-section is maximized,
i.e. S = −1. This is achieved in Eqn. (25) when α2/β2 = 0, which by Eqn.
(21) is equivalent to α1/β1 = 0. Setting α1/β1 to zero in (26) results in the
resonance condition for the energy
εn =
nπ + j pi2
Λ(rs)
, (27)
where n = 1, 2, . . . . Note that these resonance energies strongly depend on the
value of j, but in this approximation do not depend on s.
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7 Resonance Widths
The full resonance is obtained by extending ε into the complex plane. The scat-
tering matrix has a pole at complex energy ε = εn− iΓn/2 which corresponds
to the resonance condition
1 +
iα2
β2
= 0. (28)
We may also express α1/β1 in the vicinity of a resonance as
α1
β1
(ε) =
α1
β1
(εn) +
[
∂
∂ε
(
α1
β1
)]∣∣∣∣
ε=εn
(ε− εn). (29)
As detailed previously, on resonance α1/β1 = 0. At the complex pole of the
scattering matrix, ε = εn − iΓn/2, this gives
α1
β1
=
[
∂
∂ε
(
α1
β1
)]∣∣∣∣
ε=εn
(−iΓn
2
)
. (30)
Let α2/β2 = f(ε)α1/β1 [Eqn. (21)], then using the above expression we may
write Eqn. (28) as
1 + f(εn)
Γn
2
∂
∂ε
(
α1
β1
)∣∣∣∣
ε=εn
= 0, (31)
Taking the derivative of α1/β1 given by Eqn. (26) and solving for Γn in (31)
gives the resonance widths
Γn =
2C2(εR)2j+2((j − s)!)2((j + s)!)2
((2j)!)2Λ(rs)
, (32)
where we have assumed εnΛ(rs) ≫ jπ/2, i.e. large n (see (27)), which is
already assumed when deriving the interior solution.
8 Absorption cross-section
As discussed in Section 3, in the black hole limit we find that Λ(rs) tends to
infinity. Thus by Eqns. (27) and (32) both εn and Γn tend to zero in the limit
rs → R for any fixed, finite values of n and j. However, the ratio Γn/D remains
constant, where D = εn+1 − εn ≃ π/Λ(rs) is the spacing between adjacent
levels. This allows us to use the optical-model (energy-averaged absorption
cross-section) [1]. This is obtained by averaging over a small energy interval
containing many resonances and reads
σ¯opta =
∞∑
j−s=0
2π2
ε2
Γn
D
(2j + 1). (33)
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Substituting (27) and (32) into (33), gives
σ¯opta =
∞∑
j−s=0
4π(2j + 1)C2ε2jR2j+2((j − s)!)2((j + s)!)2
((2j)!)2
, (34)
which is independent of Λ(rs) and thus of the interior metric.
Therefore, in the low energy limit the cross-sections for massless scalar
particles and photons are
Spin 0 Spin 1
σ¯opta 4πr
2
s
4πr4sǫ
2
3
The above expressions exactly match the cross sections for these particles
incident on a Schwarzschild black hole [4,9,10].
9 Specific interior metrics
In this section we present calculations involving two specific interior metrics
that allow the rs → R limit to be taken: the Florides [14] and Soffel [15] met-
rics. Specifically, we verify our analytic solutions with numerically calculated
resonance widths and energies via the short range phase shift δ(ε). To calculate
δ(ε) we solve the second-order differential equation (4) numerically, for given
eν and eλ, with the boundary condition φ(r → 0) ∼ rj using Mathematica
[16]. This solution provides a real boundary condition for the exterior wave
function at r = R. (We set R = 1 in the numerical calculations). Equation (16)
is then integrated outwards to large distances r ≫ rs. In this region Eq. (16)
takes the form of a non-relativistic Schro¨dinger equation for a particle with
momentum ε and unit mass in the Coulomb potential with charge Z = −rsε2.
Hence, we match the solution with the asymptotic form [1]
χ(r) ∝ sin[εr − (Z/ε) ln 2εr + δC + δ − jπ/2] (35)
and determine the short-range (numeric) phase shift δ. It is found that this
phase possesses steps of height π at the resonance positions εn. We fit the step
profile of an individual resonance to the Breit-Wigner function
δ(ε ≃ εn) = δn + arctan
[
ε− εn
Γn/2
]
(36)
where δn is a constant, from which we extract the numeric resonance widths
and positions Γn and εn.
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Fig. 1 Energies of the n = 2 resonance in the Florides metric with s = j = 1. Closed circles
indicate numeric data, the solid line indicates analytic εn given by Eqn. (27) with Λ(rs)
given by Eqn. (38).
9.1 Florides Interior
The Florides metric is characterized by
e
ν(r)
F =
(1 − rs/R)3/2√
1− rsr2/R3
, eλ(r) =
(
1− rsr
2
R3
)−1
. (37)
The leading term of Λ(rs) is
ΛF(rs)
rs→R=
π3/2R√
2Γ (1/4)Γ (5/4)(1 − rs/R)3/4
,
≈ 1.198 (1− rs/R)−3/4. (38)
The resulting resonance energies and widths are compared with their numeric
counterparts in Figures (1) and (2) respectively.
9.2 Soffel Interior
The Soffel metric is characterized by [15]
e
ν(r)
So =
(
1− rs
R
)
exp
[
−rs(1− r
2/R2)
2R(1− rs/R)
]
, (39)
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Fig. 2 Widths of the n = 2 resonance in the Florides metric with s = j = 1. Closed circles
indicate numeric data, the solid line indicates analytic Γn given by Eqn. (32) with Λ(rs)
given by Eqn. (38).
with eλ(r) equal to that of the Florides case. The leading term of Λ(rs)
ΛSo(rs)
rs→R= R
√
π exp
[
rs/R
4(1− rs/R)
]
. (40)
Analytic and numeric εn and Γn for the Soffel metric are compared in Figures
(3) and (4) respectively. The widths in Fig. (4) illustrate that the exponential
suppression gives rise to numerical instabilities as rs → R (and thus why the
rs/R values used in the Soffel case are much lower than those in the Florides
case).
10 Conclusions
The problems of the scattering of low-energy, massless spin-0 and spin-1 par-
ticles from a massive, static, spherical body have been considered. We have
shown that such scattering is characterized by a dense set of long lived reso-
nances. Capture to these long-lived states gives rise to effective absorption in a
purely potential scattering setting. In the black hole limit the cross-section for
absorption exactly equals the cross-section in the pure black hole case (for low
energy). Thus scattering of photons (and massless scalars) by a near-black-hole
object resembles black hole absorption.
We thank G. F. Gribakin for useful discussions. This work is supported by
the Australian Research Council.
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Fig. 3 Energies of the n = 4 resonance in the Soffel metric with s = j = 1. Closed circles
indicate numeric data, the solid line indicates analytic εn given by Eqn. (27) with Λ(rs)
given by Eqn. (40).
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